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Abstract  In this paper, we propose two Ishikawa iterative algorithms for finding a common
element of the set of solutions of a generalized equilibrium problem and the set of fixed points
of a Lipschitz continuous pseudo-contraction mapping. We obtain both strong convergence
theorems and weak convergence theorems in a Hilbert space.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm || - || and let C be
a nonempty closed convex subset of H. Let B : C — H be a nonlinear mapping and let F
be a bifunction from C x C to R, where R is the set of real numbers. Moudafi [1], Moudafi
and Thera [2], Peng and Yao [3,4], Takahashi and Takahashi [5] considered the following
generalized equilibrium problem:

Find x € C suchthat F(x,y)+ (Bx,y—x)>0, VyeC. (1.1

The set of solutions of (1.1) is denoted by GEP(F, B).
If B = 0, then the problem (1.1) becomes the following equilibrium problem:

Find x € C suchthat F(x,y) >0, VyeC. (1.2)

The first author was supported by the Grant No. 10831009, Grant No. 10771228, Grant No. 206123, and the
Grant No. KJ070816. The second author was partially supported by the grant NSC96-2628-E-110-014-MY3.

J.-W. Peng ()

College of Mathematics and Computer Science, Chongqing Normal University,
400047 Chongqing, People’s Republic of China

e-mail: jwpeng6@yahoo.com.cn

J.-C. Yao
Department of Applied Mathematics, National Sun Yat-sen University, Kaohsiung 804, Taiwan, ROC

@ Springer



332 J Glob Optim (2010) 46:331-345

The set of solutions of (1.2) is denoted by EP(F).
If F(x,y) =0forall x, y € C, then the generalized equilibrium problem (1.1) becomes
the following variational inequality:

Find x € C suchthat (Bx,y—x)>0, VyeC. (1.3)

The set of solutions of (1.3) is denoted by VI(C, B).

The problem (1.1) is very general in the sense that it includes, as special cases, optimi-
zation problems, variational inequalities, minimax problems, Nash equilibrium problems in
noncooperative games and others; see for instance [1-7].

Recall that a mapping T : C — C is said to be a «-strict pseudo-contraction mapping [8]
if there exists 0 < k < 1 such that

ITx = Tyl* < llx = yI* + k(I = T)x — (I = T)y||*, Vx,yeC,

where I denotes the identity operator on C. When k = 0, T is said to be nonexpansive
[9], and it is said to be a pseudo-contraction mapping if k = 1. It is easy to see that 7' is a
pseudo-contraction mapping if and only if

(Tx —Ty,x —y) < llx —y|>, Vx,yeC.

We denote the set of fixed points of T' by Fix(T').

Some methods have been proposed to solve the problem (1.2); see, for instance
[6,7,10—17] and the references therein. Recently, Combettes and Hirstoaga [10] introduced
an iterative scheme of finding the best approximation to the initial data when EP(F’) is non-
empty and proved a strong convergence theorem. Takahashi and Takahashi [11] introduced
an iterative scheme by the viscosity approximation method for finding a common element
of the set of solution of problem (1.2) and the set of fixed points of a nonexpansive mapping
and proved a strong convergence theorem in a Hilbert space. Peng and Yao [12] introduced
a hybrid iterative scheme for finding the common element of the set of fixed points of a
family of infinitely nonexpansive mappings, the set of an equilibrium problem and the set
of solutions of variational inequality problem for an a-inverse strongly monotone mapping.
Tada and Takahashi [13] introduced some iterative schemes for finding a common element of
the set of solution of problem (1.2) and the set of fixed points of a nonexpansive mapping in a
Hilbert space and obtained both strong convergence theorem and weak convergence theorem.
Ceng et al. [15] introduced an iterative algorithm for finding a common element of the set
of solution of problem (1.2) and the set of fixed points of a strict pseudo-contraction map-
ping. Plubtieng and Punpaeng [16] introduced an iterative process based on the extragradient
method for finding the common element of the set of fixed points of nonexpansive mappings,
the set of an equilibrium problem and the set of solutions of variational inequality problem
for a-inverse strongly monotone mappings. Chang et al. [17] introduced some iterative pro-
cesses based on the extragradient method for finding the common element of the set of fixed
points of a family of infinitely nonexpansive mappings, the set of an equilibrium problem
and the set of solutions of variational inequality problem for an @-inverse strongly monotone
mapping.

Several algorithms have also been proposed for finding the solution of problem (1.1).
Moudafi [1] introduced an iterative scheme for finding a common element of the set of solu-
tions of problem (1.1) and the set of fixed points of a nonexpansive mapping in a Hilbert
space and proved a weak convergence theorem. Moudafi and Thera [2] introduced an auxil-
iary scheme for finding a solution of problem (1.1) and obtained a weak convergence theorem.
Peng and Yao [3,4] introduced some iterative schemes for finding a common element of the

@ Springer



J Glob Optim (2010) 46:331-345 333

set of solutions of problem (1.1), the set of fixed points of a nonexpansive mapping and the set
of the variational inequality for a monotone, Lipschitz-continuous mapping and obtain both
strong convergence theorems and weak convergence theorems for the sequences generated
by the corresponding processes in Hilbert spaces. Takahashi and Takahashi [5] introduced
an iterative scheme for finding a common element of the set of solutions of problem (1.1)
and the set of fixed points of a nonexpansive mapping in a Hilbert space and proved a strong
convergence theorem.

On the other hand, Marino and Xu [18] and Zhou [19] introduced and researched some
iterative schemes for finding a fixed point of a strict pseudo-contraction mapping and obtained
both strong and weak convergence theorems. Ishikawa [20] introduced an Ishikawa iterative
algorithm for finding a fixed point of a Lipschitz pseudo-contraction mapping and obtained a
weak convergence theorem. Zhou [19] also introduced an Ishikawa iterative algorithm based
on hybrid method for finding a fixed point of a Lipschitz pseudo-contraction mapping and
obtained a strong convergence theorem.

It is easy to see that a strict pseudo-contraction mapping must be a pseudo-contraction
mapping. However, the examples 3 and 4 in [19] illustrate that a Lipschitz and pseudo-
contraction mapping may be neither a strict pseudo-contraction mapping nor a nonexpan-
sive mapping. It is natural to raise and to give an answer to the following question: can one
construct algorithms for finding a common element of the set of solutions of a generalized
equilibrium problem (an equilibrium problem), the common set of fixed points of a Lips-
chitz pseudo-contraction mapping? In this paper, we will give some positive answers to this
question. We introduce some Ishikawa iterative algorithms for finding a common element
of the set of solutions of problem (1.1) and the set of fixed points of a Lipschitz continuous
pseudo-contraction mapping. We obtain both strong convergence theorems and weak con-
vergence theorems. The results in this paper extend and improve some well-known results
in [1,3-5,10-17].

2 Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a nonempty
closed convex subset of H. Let symbols — and — denote strong and weak convergence,
respectively.

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
lx — Pc(x)|| < |lx — y| forall y € C. The mapping Pc is called the metric projection of
H onto C. We know that Pc is a nonexpansive mapping from H onto C. It is known that
Pc(x) € C and

(x = Pc(x), Pc(x) =y) = 0 2.1

forallx e Hand y € C.
It is easy to see that (2.1) is equivalent to

lx = yI* = lx = Pc)I* + lly — Pc()|? 2.2)
forallx € H and y € C. Itis also known that
(x =y, Pcx — Pcy) = | Pcx — Pey|)? (2.3)
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Recall that a mapping A : C — H is called k-Lipschitz continuous if there exists a positive
real number k such that

[Ax — Ayl < kllx — vl

forallx,y € C.
Recall also that a mapping A : H — H is called ¢ —inverse strongly monotone, if there
exists an & > 0 such that

(Ax — Ay, x —y) > a||Ax — Ay||>, Vx,y € H.

For solving the problems (1.1) and (1.2), let us assume that the bifunction F satisfies the
following conditions:

(Al) F(x,x) =0 forallx € C;
(A2) F is monotone, i.e., F(x,y)+ F(y,x) <Oforany x,y € C;
(A3) foreachx,y,z€C,

1%1 F(tz4+ (1 —=1tx,y) < F(x,y);
t

(A4) foreachx € C,y — F(x,y) is convex and lower semicontinuous.

3 Strong convergence theorems

In this section, we show a strong convergence of an Ishikawa iterative algorithm based on
hybrid method for finding a common element of the set of solutions of a generalized equi-
librium problem and the set of fixed points of a Lipschitz continuous pseudo-contraction
mapping in a Hilbert space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)—(A4). Let B be a f-inverse-strongly monotone
mapping of C into H. Let S be L-Lipschitz continuous and a pseudo contraction of C into
itself such that Q = Fix(S) N GEP(F, B) # (. Let {x,}, {un}, {yn} and {z,} be sequences
generated by

xp=x€C,

Fun, y) + (Bxn, y = ttn) + -y = g, = xz) 20, Vy €C,

Yn = (1 —ay)uy + oy Suy,

i =010- ﬂn)un + ,anyns

Co={z€C:lzn—zl* < llxn — 2l* = anBu (1 — 200 — L?a;) llup — Sun||*},
On=A{z€H:{xy —z,x —xy) 20},

Xnt1 = Pc, 0, %

foreveryn = 1,2, ... where {r,}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(Cl) By <o, foralln e N;
(C2) liminf B, > 0;
n—0o0
(C3) limsupay, <a < ﬁ foralln € N.
n—o00
(C4) {ra} Cly,t] forsomey,t € (0,28).

Then, {x,}, {un}, {yn}, and {z,} converge strongly to w = Pq(y).
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Proof 1t is obvious that C, is closed and Q,, is closed and convex for everyn = 1,2, ....
Since,
Co={z€H:llzn—xall* + 2{zn — Xn, Xn — 2)
+anBu (1 — 20y — L?a;) un — Sun|* < 0},
It follows Lemma 1.3 in [21] that C,, is convex for every n = 1, 2, .. .. It is easy to see that
(xp —2,x —x,) > O0forallz € Q, and by (2.1), x, = Pp,x. Letu € Q and let {7,, } be
a sequence of mappings defined as in Lemma2.2 in [11]. Then u = T, (v — r, Bu). From
up =Ty, (x, —rpBx,) € C, the B-inverse-strongly monotonicity of B and (C4), we have
lun = > < %0 = raBxn — (= o Bu)|>

< llxn = ull® = 2ru(xy — u, Bx, — Bu) + ry||Bx, — Bul|?

< oxn — ull® 4 ru(ra — 28) | Bxy — Bu|)?

< Joxn — ul®. (3.1)
Since z,, = (1 — B)un + B Sy, and u = Su, we have

lzn — ull> = (1 = B)llun — ull® + Bull Syn — ull® = (1 = B)Bullun — Synll®
< (1= B)llun — ull® + Bulllyn — ull® + llyn — Syal*)
— (1= B)Bullun — Synll*. 3.2)
Since S is L-Lipschitz continuous, y, = (1 — «,)u, + «, Su, and u = Su, we get
Iy = Syull* = I1(1 = &)y — Syn) + (St — Syn)|1?
= (1 — o) lun — Synll* + ctnllSn — Synll* — (1 = ctn)tnlun — Sun|?
< (1= ap)llun — Syull* + an L lun — yull* = (1 — @)ty |y — Sun||*
= (1 — o) llun — Synll* + o L|lun — Sunl* — (1 — a)otn un — Sty |
= (1 — )|ty — Syall® + a (@2L* + oy — 1) luy — Sun|*. (3.3)
Since S is a pseudo-contract, we have
lyn — ull® = (1 = ) llun — ull® + anllSun — ull* = (1 — ey llun — Sun|?
< (1= ap)llun — ull® + atnllun — ull® + otnllun — Sun|?
—(1 = o)y |y — Sun|*
= llun — ull® + o} lun — Sunll*. (3.4)
Substituting (3.3) and (3.4) into (3.2) yields
lzn — ull* < (1= B)llun — ull® + Bullun — ul?
+ Buctpllun — Sunll* + Bu(1 — ctp)llun — Syall*
+ Bty (0p L + oty — 1) g — Sunll* = (1 = Ba)Bullun — Syall?
< llun = wll* + B (B — o) lln — Synll?
+ Buetn (@ L+ 2a0 — 1) luy — Sun|*. (3.5)
It follows from condition (3.5), (C1), (C3) and (3.1) that
lzn = ull® < llxn — ull® = Buctn (1 = 2000 — ey L?) 1ty — Sunll* < xn — ul*, (3.6)

foreveryn = 1,2, ... and hence u € C,. So, 2 C C, forevery n = 1,2, .... Next, let
us show by mathematical induction that {x,} is well defined and Q C C, N Q, for every
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n=1,2,....Forn = 1wehavex; = x € C and Q| = H.Hence, we obtain 2 C C; N Q.
Suppose that x is given and Q C Cy N Q for some k € N. Since 2 is nonempty, Cx N O
is a nonempty closed convex subset of H. So, there exists a unique element x;+; € Cx N Ok
such that x¢+1 = Pc,ng,x. It is also obvious that there holds (xx41 — z, x — x¢41) > 0 for
every z € Cy N Q. Since Q C Cy N Qk, we have (x4 — 2z, x —xg+1) > Oforevery z € Q
and hence Q2 C Qp+1. Therefore, we obtain Q C Ciy1 N Qk41-

Let lp = Pox. From x,4+1 = Pc,ng,x and lp € 2 C C, N Q,, we have

lxn1 — xIl < lllo — x]|. (3.7

foreveryn =1, 2, .. .. Therefore, {x,} is bounded. From (3.1), (3.4), (3.6) and the Lipschitz
continuity of S, we also obtain that {u,}, {y,}, and {z,, } are bounded. Since x,,+1 € C,NQ, C
On and x, = Py, x, we have

X0 = xIl < lIXn41 — x|l

foreveryn =1, 2, .. .. It follows from (3.7) that lim,,_, » [|x, — x| exists.
Since x, = Pg,x and x,,41 € Q,, using (2.2), we have

2 2 2
ltn+1 — xull® < lxn41 — x[I7 =[x — x||
for every n = 1, 2, .. .. This implies that
lim [|x;4+1 — x| = 0.
n—o0
Since x,4+1 € C,, we have

2 2
”Zn _xn+1|| < ”xn _xn+1”
— Buttn (1 = 200 — @2L?) llun — Sunll?* < x5 — X111 (3.8)

Thus, we getlimy,— 00 [|12n—%p+1 | = 0.Itfollows from [|x, —z, | < llXp—Xn+1ll+1%p+1—2a
that ||x, — z,|| — O.
By (3.8), we get

Bnotn (1 — 20, — (XZLZ) lun — Sun||2 < (lxn = xn1ll + llzn = X1 IDUAXn — zalD-

It follows from (C1)-(C3), {x,} and {z,} are bounded and ||x,, — z,|| — O that

lim ||u, — Su,| = 0. 3.9)
n—oo
And thus,
lim ||y, —un|l = lim oy luy — Su,| =0.
n—0o0 n—0o0

By (3.5) and (3.1), we obtain
lzn — ull® < lluy — ull® < lxn — ull* + ru(ry — 28)1| Bxy — Bull*.
Thus, we get

y(2B — D)|Bx, — Bu|* < (2B — rn)|| Bx, — Bul|?

2 2
< e —ull” = llzn — ull” < Ulxn — ull + llzn — ulDllxn — zall

It follows from ||x, — z,|| — O, {x,} and {z,,} are bounded that || Bx, — Bu|| — 0.
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For u € @, we have, from Lemma2.2 in [11],

ltn = ull® = Ty, Gt — raBxn) = T, (u = r Bu)||>
=< <Tr,, (xp —raBxy) — Tr,, (u —ryBu), x, —ryBx, — (u — r,Bu))

1 2 2
= 5 {””n —ull” + llxu — rnBxp — (u — ry Bu)||

—[|xy — 7y Bxy — (u — ra Bu) — (un — w)||*}

A

l{||u —ull® + Iy — ull® = Xy — ra Bxy — (u — rp Bu) — (uy — w)|*}
— 2 n n n n n n n

1

= 5 {llun —ul? + llxn — ull® = llxn — unl?

+2rp(Bx,, — Bu, x,, — u,) — r,%||an — Bu||2}.

Hence,
g — ull* < %0 — ull® = %0 — wnll* + 27 (Bxy — But, Xy — ). (3.10)
It follows from (3.5) and (3.10) that
lzn — wll® <y — ull® < llxn — wll® = 1x0 — wnll* + 270 (Bxy — But, Xy — ).

Hence,

b = wall® < 1l = ull® = llzn = ull® + 2| Bxy — Bul| | — n .
< (lxp —ull + llza — ulDllxn — zull + 2rn | Bxy — Bu||llxn — unll.
Since ||Bx, — Bu| — 0, ||x, — zxll = 0, {x,}, {#,} and {z,,} are bounded, we obtain
lxn — unll — 0.
As {x,} is bounded, there exists a subsequence {x,;} of {x,} such that x,,; — w. From
lxn — unll — 0, we obtain that u,,; — w. From ||u, — y,|| — 0, we also obtain that

Yn; — w. From ||x, — z,|| — 0, we also obtain that z,; — w. Since {u,;} C C and C is
closed and convex, we obtain w € C. It follows from (3.9) that

”uni - S”ni | — 0.

It follows from Tool 2 in [19] that w € Fix(S). We next show that w € GEP(F, B). By
uy =T, (x, — ryBx,), we know that

1
F(un,y) +(Bxp,y —uy) + 7()’ — Uy, Uy —Xy) 20, VyeC.

n
It follows from (A2) that
1
(Bxp,y —un) + 7()’ —Up, Uy — Xp) = F(y,u,), VyeC.
n

Hence,
Uy, — Xn;
(ani,y—uni)+<y—uni,7’r ‘>2F(y,u,,l.), Vy e C. (3.11)
n
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FortwithO <t <landy e C,lety, =ty + (1 —t)w. Since y € C and w € C, we obtain
y; € C. So, from (3.11) we have
Up; — Xn;
(Y = ttn;s Bys) = (yr — ;s Bye) — (yr — ttn;, Bxn;) —(yi — ;s -
ni
+F(yl" uVli) = <)’t — Unp;, Byl‘ - Bun,-) + ()’t — Un;» B”ni - an,->

Un, — X
—\yr —up, —— )+ F(y:, Mn,-)-
T,

Since |lun;, — xp; || = O, we have ||Bu,, — Bxy,|| — 0. Further, from the inverse-strongly
Up; —

monotonicity of B, we have (y; — u,;, By; — Bu,,;) > 0. It follows from (A4), TX"’ — 0

and u,; — w that
(y —w, By) = F(yr, w), (3.12)
asi — oo. From (A1), (A4) and (3.12), we also have

0=Fy) <tFQ,y)+ A —=1)F(y;, w)
<tFy,y)+ (0 =0){y —w, By:) =tF(y;, y) + (1 —0)t{y — w, Byy)

and hence
0<FQ:y)+ A=y —w, By).
Letting + — 0, we have, for each y € C,
F(w,y)+ (y —w, Bw) > 0.

This implies that w € GEP(F, B). Hence, we get w € Q.
From [y = Pox, w € @ and (3.7), we have

o — x|l = llw — x|l < liminf |x,; — x| < limsup ||lx,; — x| < [llo — x||.
=00 i—00

So, we obtain

Tim [, — x| = flw — x]|.
1—> 00

From x,, —x — w — x we have x,, —x — w — x and hence x,, — w. Since x, = Pg,x
andlp e Q C C,, N Q, C Oy, we have

—lllo = X 1> = {lo = Xy, Xy — %) + {lo = Xy, ¥ —lo) = {lo = Xu;, x — o).
Asi — oo, we obtain —||lg — w||® > (I — w, x — lp) > 0by lp = Pox and w € Q. Hence

we have w = [y. This implies that x,, — [y. It is easy to see u,, — lo, y, — lp and z,, — lp.
The proof is now complete. O

By Theorem 3.1, we can obtain the following new and interesting strong convergence
theorems in a real Hilbert space.

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)—(A4). Let S be L-Lipschitz continuous and
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a pseudo contraction of C into itself such that Fix(S) NEP(F) # 0. Let {x,}, {u,}, {yn} and
{zn} be sequences generated by

x1=x¢€eC,

Flun, y) + 7y = tn,un — ;) 20, VyeC,

yn = (I —ap)un + oy Suy,

zn = (1 = Bun + BnSyn,

Cp, = {Z €C:|lzn — Z||2 < llxn — ZHZ —anPh (1 — 20, — Lza,%) lun — Sunnz} >
On={z€H:(xp—2z,x—x,) =0},

Xn+1 = P, N on*

foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(Cl) By <, foralln € N,
(C2) liminf 8, > 0;
= 1
(C3) lim sup a, <o < N e foralln € N.

n—oo

(C4) {rn} C ly,+o0) forsomey > 0.
Then, {x,}, {un}, {yn} and {z,} converge strongly to w = Pgix(s)nEpP(F) (X).
Proof Putting B = 0, by Theorem 3.1 we obtain the desired result. O

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let B
be a B-inverse-strongly monotone mapping of C into H. Let S be L-Lipschitz continuous
and a pseudo contraction of C into itself such that Fix(S) NV I(B) # (. Let {x,}, {un}, {vn}
and {z,} be sequences generated by

[x; =x €C,

uy = Pc(xy — rnBxy),

yn = (I —an)un + oy Suy,

Zn = (1 = Bun + BuSyn,

Cp= {Z €C:llzn — Z”2 < lxn — Z“z — anBn (1 — 20y — LZ(X’ZI) lun — Sun”2} ,
On={z€H:(xp—2z,x—x4) =0},

Xn+l = Pcannx

foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(Cl) Bp <ap foralln e N;
(C2) liminf 8, > 0;
n—oo
; 1
(C3) lim nsggoan <a< Ny foralln € N.
(C4) {ry} Cly, 7] forsomey,t € (0,2p).
Then, {x,}, {un}, {yn} and {z,} converge strongly to w = Pgix(s)nv1(B)(X).

Proof In Theorem3.1, put F = 0. Then, we obtain that
1
(Bxp,y —up)+ —(y —up,up —x,) >0, VyeC, VneN.
T,

n

This implies that
(y —up,up — (x, —ryBxy)) >0, VyeC, VneN.
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So, we get that u,, = Pc(x,, — r, Bx,) for all n € N. Then we obtain the desired result from
Theorem3.1. m]

Corollary 3.3 (i.e., Theorem 3.6 in [19]) Let C be a nonempty closed convex subset of a
real Hilbert space H. Let S be L-Lipschitz continuous and a pseudo contraction of C into
itself such that Fix(S) # 0. Let {x,}, {yn} and {z,} be sequences generated by

x1=x¢€C,

yn = (1 —ap)x, + a,Sxy,

Zn = (1 = B)xn + BuSyn,

Ch={z€C:llzs—zl* < llxn — 2ll* — @B (1 — 20 — L2a;) Il — Sxnll*},
On={z€H: (x4 —z,x —x,) 20},

Xn4+1 = PC,, N 0. *

foreveryn = 1,2, ... where {r,}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(Cl) Bn <ay, foralln € N;
(C2) liminf B, > 0;
n—0o0

(C3) lim sup oy <@ < ﬁ foralln € N.
n—oo

Then, {x,}, {yn}, and {z,,} converge strongly to w = Prix(s)(X).

Proof Putting F = 0 and B = 0, then u, = Pcx, = x,, by Theorem3.1 we obtain the
desired result. O

Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
¢ : C — R be alower semicontinuous and convex function. Let S be L-Lipschitz continuous
and a pseudo contraction of C into itself such that Fix(S) N argmin(¢) # @. Let {x,}, {un},
{yn} and {z,,} be sequences generated by

x1=x€C,

up = argminy oo (y) + 511y = xall},

Yn = (1 —ap)uy + oy Suy,

= (1= ,Bn)un + ﬂnSym

Co={z€C:lzn—2zl* < llxn — 201> = anBu (1 = 20 — L2e;) llun — Sunll*},
On=1{zeH:{x,—2,x —x,) >0},

Xn+1 = Pc,n 0,%

foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(Cl) By <ay foralln e N;
(C2) liminf 8, > 0;

'Vl—)OO 1
(C3) lim ns_l)lgoan <a< NiEu2as] foralln € N.
(C4) {ry} Cly,+o00) forsomey > 0.

Then, {x,}, {un}, {yn}, and {z,} converge strongly to w = PFix(S)ﬂargmin(<p) (x).

Proof Putting F(x,y) = ¢(y) — ¢(x), Vx,y € C. by Theorem3.1 we obtain the desired
result. O
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4 Weak convergence theorems

In this section, we show a weak convergence of an Ishikawa iterative algorithm for finding
a common element of the set of solutions of a generalized equilibrium problem and the set
of fixed points of a Lipschitz continuous pseudo-contraction mapping in a Hilbert space.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)—(A4). Let B be a B-inverse-strongly mono-
tone mapping of C into H. Let S be L-Lipschitz continuous and a pseudo contraction of C
into itself such that Q = Fix(S) N GEP(F, B) # (. Let {x,}, {u,} and {y,} be sequences
generated by

x1=xeC,
Fup,y) +(Bxy,y —up) + %(y — Uy, Uy —xy) =20, VyeC,
n 4.1)

yn = (I —ap)u, + apSuy,

Xpp1 = (I = Buy + BuSyn,
foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:
(Cl) By <ap foralln e N;
(C2) liminf 8, > 0;

n—0o0

(C3) lim sup oy < < ﬁ foralln € N.

n—o0
(C4) {ry} Cly, 7] forsomey,t € (0,2p).
Then, {x,}, {un} and {y,} converge weakly to w = Pq(x,).

Proof Letu €  and let {7, } be a sequence of mappings defined as in Lemma2.2 in [11].
Fromu, = T, (x, —r, Bx;,) € C, the algorithm (4.1) and the proof of Theorem 3.1, we have

litn — ull* < llxn — ull® + 7 (ra — 2B8) | Bxy — Bull* < l|x, — ul|*. (3.1)
lyn = Syall* < (1 = )y — Syall* + an (@2 L% + oty — 1) lun — Sunl*.  (3.3)

lyn = ull® < Nutw — ull® + oy llun — Sl (3.4)
And
lin = wll® < l1xn — ull® = l1xn — wnl|* + 2 (Bxy — Bu, x4 — ). (3.10)
Since x,+1 = (1 — B)u, + BnSy, and u = Su, we have
Ixn1 — ull® < (1= B lun — ull® + Bu [llyn — ull® + llyn — Syall*]
—(1 = B)Bulltn — Synll*. (4.2)
Substituting (3.3) and (3.4) into (4.2) yields
Ixns1 = ull® < (1= B)llun — ull* + Bullun — ull® + ooty 1w — Sty |*

+ Bu(1 = an)llun — Syal*
+ Buttn (g L + oty — 1) un — Sunl|* = (1 = Ba)Bullun — Syul?

< Ny — ull® + Bu(Bn — @)l — Sy >
+ Buttn (@ZL* + 20, — 1) lluy — Suy . (4.3)
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It follows from (4.3), (C1)—(C3) and (3.1) that
1 — ull® < llxn — wll* = Buatn (1 — 2000 — @2 L) g — Sunll* < llxn — ull®, (4.4)

for every n = 1, 2, . ... Therefore, there exists 6 = lim,,_,  ||x, — u|| and {x,} is bounded.
From (3.1) and (3.4), we also know that {u,} and {y,} are bounded.
By (4.3), (C1)—(C3) and (3.1), we have

1 — ull* < llun — ull* < Xy — wll® + ra(ry — 28) | Bx, — Bul|*.
It follows that
Y (2B — Ol Bxy — Bull® < ry(2B — ra) | Bxy — Bull* < llxy — ull® — [lxng1 — ull*.

So, we obtain ||Bx,, — Bul|| — 0.
By (4.3), (C1)-(C3) and (3.10), we have

2 2 2 2
lxnt1 — ull” < lup —ull” < llxp — ull” = llxy — upll” + 21y (Bxy — Bu, x, — uy).
Hence,
— 2 < —ul? - —u|® +2r,||Bx, — B -
lxn — unll” < llxp — ull lxn+1 — ull” + 2r, | Bxy, ulllxn — unll.

Since ||Bx, — Bul|| — 0, {x,} and {u,} are bounded, we obtain ||x,, — u,| — O.
By (4.4), we get

272 2 2 2
Bnotn (1 — 20y — 0y L) [lup — Sunll” < 10 — wll™ — llxpg1 — ull”

It follows from (C1)—-(C3) that ||u, — Su,|| — O.
And thus,

lim ||y, — unll = oyl — Suy|l =0.
n—00

As {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,; — w. From
lxn — un|| — O, we obtain that u,,; — w. From |u, — y,|| — 0, we also obtain that
Yn; — w. Since {u,;} C C and C is closed and convex, we obtain w € C. It follows from
lttn; — Sup; |l — 0 and Tool 2 in [19] that w € Fix(S). By similar argument with that in the
proof of Theorem 3.1, we can easily show that w € GEP(F, B). This implies w € .

Let {x,,j} be another subsequence of {x,} such that Xn; = Z. Then z € 2. Let us show
w = z. Assume that w # z. From the Opial condition, we have

lim ||x, — w| = liminf ||x,, — w|l < liminf |x,, — z]|
n—o0 i—00 i—00
= lim |x, —zll = liminf ”xn,- -zl
n— 00 j—00
< liminf ||x,, — w| = lim |x, — w].
j—o00 J n—o00

This is a contradiction. Thus, we have w = z. This implies that x, — w € Q. Since
lxn — un|l = 0, we have u, — w € Q. Since ||y, — u,|| — 0, we have also y, — w € Q.
Now put w,, = Pgox,. We show that w = lim,,_, oo Wj,.
From w, = Pqx, and w € 2, we have

(W — wy, w, — x,) = 0.
From (4.4) and Lemma4.2 in [13], we know that {w,} converges strongly to some wq € 2.

Then, we have

@ Springer



J Glob Optim (2010) 46:331-345 343

(w — wo, wop —w) >0
and hence w = wy. The proof is now complete. O

By Theorem 4.1 and similar arguments with those in the proof of Corollaries 3.1-3.4, we
can obtain the following new and interesting weak convergence theorems in a real Hilbert
space.

Corollary 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)—(A4). Let S be L-Lipschitz continuous and
a pseudo contraction of C into itself such that Fix(S) N EP(F) # @. Let {x,}, {un} and {y,}
be sequences generated by

x1=x€C,

F(uy, y) + %(y —Up, Uy —Xy) 20, VyeC,
yn = (I —an)un + anSuy,

Xn4+1 = (1— ,Bn)un + ﬂnSyn’

foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(C1) B, <a, foralln e N;
(C2) liminf B, > 0;
n—0o0

: 1
(C3) lim sup o < ¢ < v foralln € N.

n—0o0
(C4) {rn} Cly,+00) forsomey > 0.

Then, {x,}, {un} and {yn} converge weakly to w = Prix(s)nEp(F) (Xn)-

Corollary 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)—(A4). Let B be a B-inverse-strongly monotone
mapping of C into H. Let S be L-Lipschitz continuous and a pseudo contraction of C into
itself such that Fix(S) N VI(B) # 0. Let {x,}, {un} and {y,} be sequences generated by

x1=x€C,

uy = Pc(xy — rnBxy),

yn = (1 —ap)uy + oy Suy,

Xnt1 = (1 = Buu + BuSyn,
foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(CD) By <ay, foralln € N;
(C2) liminf B, > 0;
n—0o0
i o
(C3) llmnilgoan Sa< N 2] foralln € N.
(C4) {ra} Cly, 1] forsomey,t € (0,2p).
Then, {x,}, {u,}, and {y,} converge weakly to w = Prix(s)nv1(B)(Xn)-

Corollary 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let S
be L-Lipschitz continuous and a pseudo contraction of C into itself such that Fix(S) # 0.
Let {x,}, {un} and {y,} be sequences generated by

x1=x€C,
yn = (I —ap)x, + o Sxy, 4.1
Xn+l = (1 - ,Bn)xn +,8nSym
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foreveryn = 1,2, ... where {a,} and {B,} are two sequences satisfying the conditions:

(Cl) By <ay foralln € N;
(C2) liminf 8, > 0;
n—0oo
(C3) lim sup oy <@ < ﬁ foralln € N.

n—oo

Then, {x,} and {y,} converge weakly to w = Pgix(s)(xn).

Corollary 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
¢ : C — R be alower semicontinuous and convex function. Let S be L-Lipschitz continuous
and a pseudo contraction of C into itself such that Fix(S) N argmin(p) # O. Let {x,}, {u,}
and {y,} be sequences generated by

x1=xe€C,
Up = argminyec {(p(y) + %’Hy — Xn ”2} s (4 1)

Yo = —ap)uy +apSuy,
Xn+1 = (I = By + BuSyn,

foreveryn = 1,2, ... where {ry}, {a,}, and {B,} are three sequences satisfying the condi-
tions:

(CD) By <oy foralln € N;
(C2) liminf g, > 0;
n—00

: 1
(C3) llmnilgoa,, <a< mforalln e N.
(C4) {r,} Cly, 1] forsomey,t € (0,2p).

Then, {x,}, {un} and {y,} converge weakly to w = Pq(x,).

Remark 4.1

(i) Since the nonexpansive mappings or strict pseudo-contraction mappings has been
replaced by a pseudo-contraction mapping, Theorem 3.1 improves Theorems4.3 and
4.4 in [3], and Theorem 3.1 in [5]. Theorem4.1 improves Theorem 3.1 in [1] and [4].
It is easy to see that Theorems 3.1 and 4.1, Corollaries 3.1 and 4.1 extend and improve
the corresponding results in [10-17].

(ii) The algorithm in Corollaries 3.4 and 4.4 are variants of the proximal method for opti-
mization problems introduced and studied by Martinet [22], Rockafellar [23], Ferris
[24] and many others.
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